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d

Divisors of d

# divisors of d

1

{1}

1

2

{1, 2}

2

5

{1, 5}

2

10

{1, 2, 5, 10}

4

d

Divisors of d

# divisors of d

1

{1}

1

2

{1, 2}

2

3

{1, 3}

2

4

{1, 2, 4}

3

d

Divisors of d

# divisors of d

6

{1, 2, 3, 6}

4

12

{1, 2, 3, 4, 6, 12}
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Set Theory Revisited

As easy as PIE
The Principle of Inclusion and Exclusion – Part 1

Recall the old story of two frogs from Osaka and Kyoto which meet during
their travels. They want to share a pie. An opportunistic cat offers to help and
divides the pie into two pieces. On finding one piece to be larger, she breaks
off a bit from the larger one and gobbles it up. Now, she finds that the other
piece is slightly larger; so, she proceeds to break off a bit from that piece and
gobbles that up, only to find that the first piece is now bigger. And so on; you
can guess the rest. The frogs are left flat!

We are going to discuss a simple but basic
guiding principle which goes under the name principle
of inclusion and exclusion, or PIE for short. Was it

inspired by the above tale? Who knows . . . . The principle is very
useful indeed, because counting precisely, contrary to intuition,
can be very challenging!

An old formula recalled
Here is a formula which you surely would have seen many times:
IfA and B are two finite, overlapping sets, then

|A ∪ B| = |A| + |B| − |A ∩ B|. (1)

Here, of course, the vertical bars indicate cardinality: |A| is the
cardinality of (or number of elements in)A, and so on. The
formula is rather obvious but may be justified by appealing to
the Venn diagram (see Figure 1).

A B

A∩B

Figure 1
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Once one has the basic idea, it is easy to generalize
the formula to three overlapping finite setsA, B ,
C. In order to find the cardinality ofA ∪ B ∪ C we
start naturally enough with an addition:
|A| + |B| + |C|. But now several items have been
counted twice, and some have even been counted
thrice (those that lie in all three sets). So we
compensate by subtracting the quantities |A ∩ B|,
|B ∩ C| and |C ∩ A|. But now we have bitten off
too much: the items originally inA ∩ B ∩ C have
been left out entirely (see Figure 2). So we
compensate by putting these items back in, and
now we have the correct formula:

|A ∪ B ∪ C| = |A| + |B| + |C| − |A ∩ B| −
|B ∩ C| − |C ∩ A| + |A ∩ B ∩ C|.

(2)

A B

C

Figure 2

Generalizing the formula
How shall we generalize these formulas? We do so
by considering the following problem. Suppose
there areN students in a class and a fixed, finite
number of subjects which they all study. Denote
byN1 the number of students who like subject #1,
byN2 the number of students who like subject #2,
and so on. Likewise, denote byN1,2 the number of
students who simultaneously like the subjects 1
and 2, byN2,3 the number of students who
simultaneously like subjects 2 and 3, and so on.
Similarly, denote byN1,2,3 the number of students
who simultaneously like subjects 1, 2, 3; and so
on. Now we ask: Can we express, in terms of these
symbols, the number of students who do not like
any of the subjects? (There may well be a few
students in this category!) We shall show that this
number is given by

N − (N1 + N2 + · · · ) + (
N1,2 + N2,3 + · · · )

− (
N1,2,3 + · · · ) + · · · . (3)

Note the minus-plus-minus pattern of signs: we
alternately subtract to avoid over counting, then
add to compensate as we have taken away too
much, then again subtract, and so on. The formula
follows from a reasoning known as the principle of
inclusion and exclusion, commonly abbreviated to
‘PIE’.

Here is how we justify the formula. We start,
naturally, by subtractingN1 + N2 + · · · fromN .
Now study the expressionN − (N1 + N2 + · · · ).
The subtraction ofN1 + N2 means that we have
twice subtracted the number of students who like
the 1st and 2nd subjects. To compensate for this,
we must addN1,2. Similarly we must addN1,3,
N2,3, and so on.

However, when we addN1,2 + N2,3 + N1,3 + · · · ,
we have included those who like the first three
subjects (numberingN1,2,3) twice. So we must
subtractN1,2,3. Similarly for other such terms.
Proceeding this way, we get the right number by
alternately adding and subtracting.

Divide and conquer counting
The PIE allows us to solve the following problem
in whichN is any positive integer. Among the
numbers 1, 2, 3, . . . , N , how many are not divisible
by either 2 or by 3?

Here’s how we solve this problem. Among the
given numbers the number of multiples of 2 is
[N/2]. Here the square brackets indicate the
greatest integer function, also called the floor
function. The meaning is this: if x is a real number,
then [x] is the largest integer not greater than x.
For example: [5] = 5, [2.3] = 2, [10.7] = 10,
[
√
10] = 3, [−2.3] = −3, and so on. (Note the way

the definition applies to negative numbers.)

Similarly, the number of multiples of 3 in the set
{1, 2, 3, . . . , N} is [N/3]. So we subtract both
these quantities fromN . But the numbers
divisible by both 2 and 3 (i.e., the numbers
divisible by 6) have been subtracted twice, so we
add back the number of multiples of 6, which is
[N/6]. Hence the answer to the question is:

N −
[
N

2

]
−

[
N

3

]
+

[
N

6

]
.

We solve the following in the same way: LetN be
any positive integer. Among the numbers
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1, 2, 3, . . . , N , how many are not divisible by any
of the numbers 2, 3, 5?

By alternately ‘‘biting away’’ too much, then
compensating, we see that the answer is

N −
[
N

2

]
−

[
N

3

]
−

[
N

5

]
+

[
N

6

]

+
[

N

10

]
+

[
N

15

]
−

[
N

30

]
.

Here 30 is the LCM of 2, 3, 5 (if a number is
divisible by 2, 3 and 5 then it must be divisible by
30; and conversely).

The general formula. From this reasoning we
arrive at the following general formula. IfN is a
positive integer, and n1, n2, . . . are finitely many
positive integers, every two of which are relatively
prime, then the number of elements of
{1, 2, 3, . . . , N} which are not divisible by any of
the numbers n1, n2, . . . is

N −
([

N

n1

]
+

[
N

n2

]
+ · · ·

)

+
([

N

n1n2

]
+

[
N

n1n3

]
+

[
N

n2n3

]
+ · · ·

)
− · · · . (4)

You should now be able to provide the formal
justification for the formula on your own.

Euler’s totient function
There is a special case of the above formula which
is of great interest in number theory. We consider
the following problem.

For a given positive integerN , what is the number
of positive integers not exceedingN which are
relatively prime toN?

The numbers which are relatively prime toN are
exactly those which are not divisible by any of the
prime divisors ofN . Let us denote the primes
dividingN by p, q, r, . . . . Now we apply the idea
described in the last section. We conclude that the
required number is:

N −
(

N

p
+ N

q
+ N

r
+ · · ·

)

+
(

N

pq
+ N

qr
+ N

pr
+ · · ·

)
− · · · . (5)

By factoring outN we find that the resulting
expression can be factorized in a convenient
manner; we get the following:

N

(
1− 1

p

)(
1− 1

q

)(
1− 1

r

)
· · · . (6)

For example, takeN = 30. Since 30 = 2× 3× 5,
we see that the number of positive integers not
exceeding 30 and relatively prime to 30 is

30
(
1− 1

2

)(
1− 1

3

)(
1− 1

5

)

= 30 · 1
2

· 2
3

· 4
5

= 8.

This is easily checked. (The positive integers less
than 30 and relatively prime to 30 are 1, 7, 11, 13,
17, 19, 23 and 29.)

Formula (6) defines the famous totient function
which we associate with the name of Euler. The
symbol reserved for this function is ϕ(N). So we
may write:

ϕ(N) = N
∏
p|N

(
1− 1

p

)
, (7)

the product being taken over all the primes p that
divideN ; that iswhywehavewritten ‘p | N ’below
the product symbol. (The symbol

∏
is used for

products in the sameway that
∑
is used for sums.)

Corollary: a multiplicative property
The formula for ϕ(n) gives us another property as
a bonus— the property that Euler’s totient
function ismultiplicative: ifm and n are relatively
prime positive integers, then ϕ(mn) = ϕ(m)ϕ(n).

Example: Takem = 4, n = 5,mn = 20. We have:
ϕ(4) = 2, ϕ(5) = 4; next, by applying formula (6)
we get: ϕ(20) = 20× 1/2× 4/5 = 8. Hence we
have ϕ(20) = ϕ(4) · ϕ(5).

It is an interesting exercise to prove this
multiplicative property without using formula (6).
(It can be done, by looking closely at the definition
of the function.)

In closing: relationbetweenGCDandLCM
To demonstrate how unexpectedly useful the PIE
formula can be, we mention here a nice
application of the formula. However we shall leave
it as a question without stating the actual result,
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and discuss the problem in detail in a sequel to
this article.

Here is the context. We all know the pleasing
formula that relates the GCD (‘‘greatest common
divisor’’, also known as ‘‘highest common factor’’)
and the LCM (‘‘lowest common multiple’’) of any
two positive integers a and b:

GCD (a, b) × LCM (a, b) = ab. (8)

You may have wondered: The above formula
relates the GCD and LCM of two integers a, b.
What would be the corresponding formula

for three integers a, b, c? For four integers
a, b, c, d? . . .

In Part II of this article we use the PIE to find a
generalization of formula (8). Alongside we
discuss a problem about a seemingly
absent-minded but actually mischievous secretary
who loves mixing up job offers sent to applicants
so that every person gets a wrong job offer (for
which he had not even applied!), and another
problem concerning placement of rooks on a
chessboard. And, venturing into deeper waters,
we also mention a famous currently unsolved
problem concerning prime numbers.

Exercises
(1) Show how the factorization in formula (6) follows from formula (5).
(2) Explain how formula (7) implies that the totient function ϕ(N) is multiplicative.
(3) Let N be an odd positive integer. Prove directly, using the definition of the totient function (i.e., with invoking the

property of multiplicativity), that ϕ(2N) = ϕ(N).
(4) What can you say about the family of positive integersN for which ϕ(N) = N/2? For which ϕ(N) = N/3?
(5) Try to find a relation connecting LCM (a, b, c) and GCD (a, b, c).

Further reading
• V Balakrishnan, Combinatorics: Including Concepts Of Graph Theory (Schaum Series)
• Miklos Bona, Introduction to Enumerative Combinatorics (McGraw-Hill)
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One Equation . . . Many Connects

Harmonic Triples
Part–1

Can the same simple equation be hidden in the relationships between the side
of a rhombus and the sides of the triangle in which it is inscribed, the width of
a street and the lengths of two ladders crossed over it, and the lengths of the
diagonals of a regular heptagon? Read on to find the magic.

We are all familiar with the notion of a primitive
Pythagorean triple, which is the name given to a triple
(a, b, c) of coprime positive integers satisfying the

equation a2 + b2 = c2; we studied this equation in Issue-I-1 and
Issue-I-2 of this magazine. What is pleasing about this equation is
its rich connections in both geometry and number theory.

Now there are other equations of this kind which too have nice
connections in geometry and number theory. (Not as rich as the
Pythagorean equation, but to compare any theorem with the
theorem of Pythagoras seems unfair, like comparing a batsman
with Bradman . . . .) Here are three such equations:
1/a + 1/b = 1/c, 1/a2 + 1/b2 = 1/c2 and
(1/

√
a) + (1/

√
b) = (1/

√
c).

Remarkably, each of these equations surfaces in some geometric
context, and each has something number theoretically
interesting about it.

In this three part article we focus on the first of these:
1/a + 1/b = 1/c, called the harmonic relation because of its
occurrence in the study of harmonic progressions. (It implies

fe
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e
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that c is twice the harmonic mean of a and b.) You
may recall seeing such relations in physics:

• The relation 1/u + 1/v = 1/f for concave and
convex mirrors, where u, v, f denote distance
of object, image and focus (respectively) from
the mirror;

• The relation 1/R1 + 1/R2 = 1/R for the
effective resistance (R) when resistances R1
and R2 are in parallel.

There are other occurrences of the harmonic
relation in physics. See [1] for a list of more such
instances.

If a triple (a, b, c) of positive integers satisfies the
equation 1/a + 1/b = 1/c, we call it a Harmonic
Triple. Two examples: the triples (3, 6, 2) and
(20, 30, 12). As with Pythagorean triples, our
interest will be on harmonic triples which have no
common factor exceeding 1; we shall call them
primitive harmonic triples, ‘PHT’ for short. So
(20, 30, 12) is harmonic but not primitive, and
(10, 15, 6) is a PHT. (Note one curious feature of
this triple: 10 and 15 are not coprime, nor 15 and
6, nor 6 and 10; but 10, 15 and 6 are coprime.)

In Part I of this article we showcase the
occurrence of this equation in geometry; we dwell
on four such contexts. In Parts II and III (in later
issues of At Right Angles), we explore the number
theoretic aspects of the harmonic relation: how to
find such triples, discovering some of their
properties, and so on.

1. Triangle with a 120 degree angle
Let�PQR have � P = 120◦. Let PS be the
bisector of � QPR, and let a, b, c be the lengths of
PQ, PR, PS respectively (Figure 1). We shall
show that 1/a + 1/b = 1/c.

Q R

P

S

a b
c

FIGURE 1. Angle bisector in a 120◦ triangle

The proof involves a computation of areas, using
the trigonometric formula for area of a triangle
(‘‘half the product of the sides and the sine of the
included angle’’). Since the area of�PQR equals

the sum of the areas of�PQS and�PSR, and
� QPS = 60◦, � SPR = 60◦, � QPR = 120◦, we
have:

1
2
ac sin 60◦ + 1

2
bc sin 60◦

= 1
2
ab sin 120◦.

Now sin 60◦ = sin 120◦. On cancelling the
common factors in the above relation we get
ac + bc = ab. Dividing through by abc, we get the
relation we want right away:

1
a

+ 1
b

= 1
c
,

It is interesting to note the key role played by the
equality sin 60◦ = sin 120◦. (This is just one of
many results in geometry which depend on this
simple equality. In some results a similar role is
played by the equality cos 60◦ = − cos 120◦, or by
the equality cos 60◦ = 1/2.)

You may prefer to see a proof that avoids
trigonometry; but we shall turn this question back
on you. Try to find such a proof for yourself!

2. Rhombus in a triangle
Given any�ADB , we wish to inscribe a rhombus
DPQR in the triangle, with P onDB ,Q onAB ,
and R onDA (see Figure 2). It turns out that
precisely one such rhombus can be drawn. For
now, we shall not say how we can be so sure of
this. Instead we ask you to prove it and figure out
how to construct the rhombus.

A B

D

Q

P

R
a− cc

cb− c

c

c
• DB = a

• DA = b

• DP, PQ, QR,
RD all have
length c

FIGURE 2. Rhombus inscribed in a triangle

In this configuration let the lengths ofDB andDA

be a and b, and let c be the side of the rhombus (as
in the diagram); we shall show that
1/a + 1/b = 1/c. The proof is quickly found once
one notices the similarities
�BPQ ∼ �QRA ∼ �BDA, which follow from
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the relations PQ ‖ DA and RQ ‖ DB . These yield
the following proportionality relations among the
sides:

a − c

c
= c

b − c
= a

b
.

The second equality yields, after
cross-multiplication, bc = ab − ac, hence
ac + bc = ab. On dividing the last relation by abc,
we get 1/a + 1/b = 1/c as claimed.

3. The crossed ladders
The ‘crossed ladders problem’ is a famous one. In
Figure 3 we see two ladders PQ and RS placed
across a street SQ, in opposite ways; they cross
each other at a point T , and U is the point directly
below T . The problem usually posed is: Given the
lengths of the two ladders, and the height of their
point of crossing above the street, find the width of
the street. In one typical formulation we have
PQ = 40, RS = 30, T U = 12, and we must find
QS. The problem has a deceptive appearance: it
looks simple but in fact presents quite a challenge,
involving a lot of algebra. For example, see [2]
and [3].

P

S Q

R

T

U

a

b
c

nm

FIGURE 3. The crossed ladders

Our interest here is in something much simpler.
Let the lengths of PS, RQ, T U be a, b, c,
respectively. Then we claim that 1/a + 1/b = 1/c.

For the proof we introduce two additional lengths:
SU = m andQU = n. There are many pairs of
similar triangles in the diagram. From the
similarity�PSQ ∼ �T UQwe get:

a

m + n
= c

n
, ∴ c

a
= n

m + n
.

Next, from the similarity�RQS ∼ �T US we get:

b

m + n
= c

m
, ∴ b

c
= m

m + n
.

Sincem/(m + n) + n/(m + n) = 1 it follows that
c/a + c/b = 1, and hence:

1
a

+ 1
b

= 1
c
.

Remark. There are some unexpected features of
interest in Figure 3. For example, the similarity
�PT S ∼ �QT R yields a/m = b/n (for the ratio
of base to altitude must be the same in both the
triangles), which implies that � PUS = � RUQ

and hence that � PUT = � RUT . Thus a ray of
light proceeding from P to U will be reflected off
the street at U towards R.

4. Diagonals of a regular heptagon
The last occurrence of the harmonic relation we
shall feature concerns a regular heptagon; i.e., a
regular 7-sided polygon. If you examine such a
heptagon carefully, you will find just three
different lengths within it!— its various diagonals
come in just two different lengths, and there is the
side of the heptagon. (See Figure 4.)

Let a, b, c be (respectively) the lengths of the
longer diagonal, the shorter diagonal, and the side
of the heptagon, so that a > b > c. Then we find
that 1/a + 1/b = 1/c. For this reason, a triangle
with sides proportional to a, b, c (and therefore
with angles 720◦/7, 360◦/7, 180◦/7) is called a
harmonic triangle. But this time we shall leave the
task of proving the harmonic relation to you.

a

b

c

FIGURE 4. A regular heptagon and an inscribed harmonic

triangle

In Part II of this article we provide the proof of the
above claim and then study ways of generating
primitive harmonic triples.
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A Plethora

One Problem,
Six Solutions

Connecting Trigonometry, Coordinate Geometry,
Vectors and Complex Numbers

Most mathematics teachers have a soft corner for math problems which, in a
single setting, offer a platform to showcase a variety of different concepts and
techniques. Such problems are very useful for revision purposes, but they
offer much more: they demonstrate the deep and essential
interconnectedness of ideas in mathematics, and their consistency.

In this article we study a simple and easily stated problem (see
Figure 1) which can be solved in a multiplicity of ways— half
a dozen at last count. After presenting the solutions we find a

bonus: an unsuspected connection with Pythagorean triples!

A B

CD

E

F

θ

FIGURE 1. Statement of the problem

Problem.
ABCD is a square;E and
F are points of trisection of the
sidesAB and CB respectively,
with E closer toA than
to B , and F closer to C than
to B (soAE/AB = 1/3 and
CF/CB = 1/3). SegmentsDE

andDF are drawn as shown.

Show that sin � EDF = 4/5.
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I. First solution, using the cosine rule
We take the side of the square to be 3 units; then AE = CF = 1 unit, and BE = BF = 2 units. Let
� EDF be denoted by θ . Join EF .

A B

CD

E

F

θ

• Using the Pythagorean theoremwe getDE2 =
DF 2 = 10, andEF 2 = 8.

• In�EDF we have, by the cosine rule: EF 2 =
DE2 + DF 2 − 2DE · DF · cos θ.

• So cos θ = (10+ 10− 8)/(2× 10) = 3/5.
• Since θ is acute, sin θ is positive. Hence: sin θ =√

1− 32/52 = 4/5.

II. Second solution, using the trig addition formulas
As earlier, we take the side of the square to be 3 units.

A B

CD

E

F

θ α

α

• Let � ADE = α; then � FDC = α too.
• SinceAE = 1 andDE = √

10wehave sinα =
1/

√
10 and cosα = 3/

√
10.

• Since cos 2α = cos2 α−sin2 α, we get cos 2α =
9/10− 1/10 = 4/5.

• Since {2α, θ} are complementary angles, the
sine of either one equals the cosine of the other
one.

• Hence sin θ = 4/5.

III. Third solution, using slopes
LetD be treated as the origin, ray−→

DC as the x-axis, and−→
DA as the y-axis.

A B

CD

E

F

θ

• The slope of lineDF is 1/3.
• The slope of lineDE is 3/1.
• By the ‘angle between two lines’ formula,
tan θ = (3/1− 1/3)/(1+ 3/1× 1/3), i.e.,
tan θ = 4/3.

• Hence sin θ = 4/
√
42 + 32 = 4/5.
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IV. Fourth solution, using the vector dot product
Let D be treated as the origin, ray −→

DC as the unit vector �i along the x-axis, and −→
DA as the unit vector

�j along the y-axis. Recall that if �u and �v are two vectors, and the angle between them is φ, then
�u · �v =| �u | | �v | cosφ.
A B

CD

E

F

θ

i

j

• We have:−→CF = �j/3 and−→
AE = �i/3.

• Hence−→
DF = �i+�j/3 and−→

DE = �i/3+�j.
• Hence−→

DF · −→
DE = 1/3+ 1/3 = 2/3.

• Also, | −→
DE |=| −→

DF |= √
1+ 1/9 = √

10/3.
• Hence

√
10/3 · √

10/3 · cos θ = 2/3, giving
cos θ = 2/3 · 9/10 = 3/5.

• Hence sin θ = 4/5.

V. Fifth solution, using the vector cross product
The same approach as in the fourth solution, but this time we use the cross product rather than the dot
product. Let �k be the unit vector along the z-direction. Recall that if �u and �v are two vectors, and the
angle between them is φ, then | �u × �v |=| �u | | �v | sinφ.
A B

CD

E

F

θ

i

j

• We have:−→
DF = �i+�j/3 and−→

DE = �i/3+�j.
• Hence −→

DF × −→
DE = (1 − 1/9) �k = 8/9 �k.

(Remember that �i×�j = �k, and �j×�i = −�k.)
• Hence | −→

DF × −→
DE |= 8/9.

• Also, | −→
DE |=| −→

DF |= √
1+ 1/9 = √

10/3.
• Hence

√
10/3 · √

10/3 · sin θ = 8/9, giving
sin θ = 8/10 = 4/5.

VI. Sixth solution, using complex numbers
Our last solution uses the fact that multiplication by the imaginary unit i = √−1 achieves a rotation
through 90◦ about the origin, in the counter-clockwise (‘anti-clockwise’) direction.

LetD be treated as the origin, lineDC as the real axis, and lineDA as the imaginary axis. Take the side
of the square to be 3 units. Then the complex number representing F is 3+ i, and the complex number
representingE is 1+ 3i.
A B

CD

E

F

θ

Re

Im

• Let z = cos θ + i sin θ . Then |z| = 1, and
multiplication by z achieves a rotation through
θ about the origin 0, in the counter-clockwise
direction.

• Hence z·(3+i) = 1+3i. This equation in zmay
be solved by multiplying both sides by 3− i.

• Therefore z = (1 + 3i)(3 − i)/(32 − i2) =
(6+ 8i)/10.

• Hence sin θ = 8/10 = 4/5.
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Remark. So there we have it: one problemwith six solutions. Is there a ‘best’ among these solutions?We
feel not. On the contrary: they complement each other very beautifully. (And there may be more such
elegant solutions waiting to be found by you . . . .)

A PPT connection
Before closing we draw the reader’s attention to a surprising but pleasing connection between this
problem and the determination of Primitive Pythagorean Triples.

Observe the answer we got for the problem posed above: sin θ = 4/5. Hence θ is one of the acute angles
of a right triangle with sides 3, 4, 5. Don’t these numbers look familiar? Yes, of course: (3, 4, 5) is a PPT.
Is this a happy coincidence?

Let’s explore further . . . . Let us vary the ratio in which E and F divide segments AB and BC, while
maintaining the equality AE/EB = CF/FB , and compute sin � EDF and cos � EDF each time. We
summarized the findings below.

• If AE/AB = CF/CB = 1/4, we get sin � EDF = 15/17 and cos � EDF = 8/17. These values point
to the PPT (8, 15, 17).

• If AE/AB = CF/CB = 1/5, we get sin � EDF = 12/13 and cos � EDF = 5/13. These values point
to the PPT (5, 12, 13).

• If AE/AB = CF/CB = 1/6, we get sin � EDF = 35/37 and cos � EDF = 12/37. These values point
to the PPT (12, 35, 37).

• If AE/AB = CF/CB = 2/7, we get sin � EDF = 45/53 and cos � EDF = 28/53. These values point
to the PPT (28, 45, 53).

A PPT on every occasion! The connection is clearly something to be explored further. But we leave this
task to the reader. (Note that we seem to have found a new way of generating PPTs!)
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Triangles with sides
in a Progression
A short write up which can spur the motivated teacher to design investigative
tasks that connect geometry and sequences.

In AtRiA June 2012 we saw an analysis of right triangles
with integer sides in arithmetic progression. In this context it
is of interest to examine triangles with sides in some definite

progression. In general, the least value for the constant
increment/factor would give rise to an equilateral triangle; the
largest value would lead to a degenerate triangle, with two sides
adding up to the third side. An intermediate value would yield a
right triangle. We consider separately three well known types of
progression.

Sides in arithmetic progression
Take the sides to be 1− d , 1, 1+ d where d ≥ 0 is the constant
difference. Then:

• The least possible value is d = 0, which yields an equilateral
triangle.

• The case d = 1/4 (obtained by solving the equation
(1− d)2 + 1 = (1+ d)2) yields a right triangle with sides
3/4, 1, 5/4 (this is similar to the triangle with sides 3, 4, 5).
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• Since wemust have 1− d + 1 ≥ 1+ d there is a
maximum possible value of d , namely d = 1/2,
which yields a degenerate triangle with sides
1/2, 1, 3/2.

The three ‘critical’ numbers 0, 1/4, 1/2 are
themselves in A.P.

Sides in geometric progression
Take the sides to be 1/r , 1, r where r ≥ 1 is the
constant ratio. Then:

• The least possible value is r = 1, which yields
an equilateral triangle.

• The condition for the triangle to be right-angled
is 1/r2 + 1 = r2. This is a quadratic equation in
r2, and it yields, on applying the quadratic
formula:

r2 =
√
5+ 1
2

, r =
√

φ ≈ 1.272,

where φ ≈ 1.618 is the golden ratio.
• It may not be obvious that there is a maximum
possible value of r . But we realize it when we
see that the inequality 1/r + 1 > r must fail
when r is sufficiently large (indeed, it fails
when r = 2). What is the ‘critical’ value beyond
which it fails? To find it we solve the equation
1/r + 1 = r . We obtain r = φ, the golden ratio.

Curiously, the three critical numbers 1,
√

φ, φ are
themselves in G.P.

The above mentioned right triangle (sides 1/
√

φ,
1,

√
φ) represents the only ‘shape’ that a right

triangle with sides in G.P. can have. One of its

angles is the only acute angle whose cos and tan
values are the same. The angle in question is
approximately 38◦10′.

Sides in harmonic progression
Three non-zero numbers are in harmonic
progression (H.P.) if their reciprocals are in
arithmetic progression. So for the sides of the
triangle we may use the values

1
1+ d

, 1,
1

1− d
,

where 0 ≤ d < 1. We note the following.
• The least possible value is d = 0, which yields
an equilateral triangle.

• The condition for the triangle to be right-angled
is 1/(1+ d)2 + 1 = 1/(1− d)2, which leads to a
fourth degree (‘quartic’) equation:

(
d2 − 1

)2 = 4d,

∴ d4 − 2d2 − 4d + 1 = 0.

This unfortunately does not yield to
factorization. Solving the equation numerically,
we get d ≈ 0.225.

• The greatest value of d is found by solving the
equation

1
1+ d

+ 1 = 1
1− d

,

which yields d = √
2− 1 ≈ 0.414. For this d ,

the triangle is degenerate.

Exploring the geometric properties of these
triangles would be of interest.

A RAMACHANDRAN has had a long standing interest in the teaching of mathematics and science. He studied 
physical science and mathematics at the undergraduate level, and shifted to life science at the postgraduate 
level. He has been teaching science, mathematics and geography to middle school students at Rishi Valley 
School for two decades. His other interests include the English language and Indian music. He may be 
contacted at ramachandran@rishivalley.org.



An application of graphs

Centigrade–Fahrenheit
Conversion

Understanding Algorithms
Which would you rather do? Parrot a formula for temperature conversion or
heat up the class room with the excitement of understanding and using new
concepts such as ‘invariant points’ in the application of a linear function?
Read the article if you choose the latter option . . . .

In this note, which is based on an e-mail posted to a mailinglist by noted math educator Prof Jerry Becker, we describe
a striking way of converting from the Centigrade (Celsius)

scale to the Fahrenheit scale and vice versa (see Figure 1).

Input. Temperature
reading (in °C or °F)

I. Add 40 to
the reading

II. If conversion is C
to F, multiply by 9 5;
if conversion is F to
C, multiply by 5 9.

III. Subtract
40 from the
result

Output. Converted
temperature reading

FIGURE 1. A ‘symmetric’ C to F and F to C converter: both ways we add

40 at the start, and subtract 40 at the end
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Example 1 (C to F) Suppose the reading is 40◦C.
Step I: Add 40; we get 40+ 40 = 80. Step II:
Multiply by 9/5; we get: 80× 9/5 = 144. Step III:
Subtract 40; we get: 144− 40 = 104. Hence 40◦C
is the same as 104◦F.

Example 2 (F to C) Suppose the reading is 50◦F.
Step I: Add 40; we get 50+ 40 = 90. Step II:
Multiply by 5/9; we get: 90× 5/9 = 50. Step III:
Subtract 40; we get: 50− 40 = 10. Hence 50◦F is
the same as 10◦C.

Explanation
The algorithm works because of a basic way in
which all linear non-constant functions (i.e.,
functions of the form f (x) = ax + b where a, b

are constants with a �= 0) behave. The graph of
such a function is a straight line with slope a. Call
the line �; then � is not parallel to the x-axis.

Suppose a �= 1. Then � is not parallel to the line
y = x and hence intersects it at some point P .
Since P lies on the line y = x, its coordinates have
the form (c, c) for some c (Figure 2).

y = x

P( c,c) (fixed point of f )

c

c

FIGURE 2

By construction, f (c) = c. So f maps c to itself.
For this reason, c is called a fixed point or
invariant point of f . We now cast f in a different
form, using the fixed point.

From f (x) = ax + b we get the following.

f (x) − c = ax + b − c,

∴ f (x) − c = ax + b − (ac + b),

because c = f (c) = ac + b,

∴ f (x) − c = a(x − c),

∴ f (x) = a(x − c) + c.

So we have found an alternate expression for f , in
terms of its invariant point.

Such an expression may always be found for the
linear form f (x) = ax + b, provided a �= 1.

Note carefully the ‘shape’ of the expression
a(x − c) + c: we first subtract the value c,multiply
by the factor a, then add back the value c.

Here is a numerical example. Suppose
f (x) = 2x − 3. The fixed point for this function is
c = 3, obtained by solving the equation f (x) = x.
Therefore we can write the expression for f as:
f (x) = 2(x − 3) + 3.

What makes this finding significant as well as
useful is that the inverse function has a very
similar form. For:

f (x) = a(x − c) + c,

∴ a(x − c) = f (x) − c,

∴ x = f (x) − c

a
+ c

(remember that a �= 0),

∴ f (−1)(x) = x − c

a
+ c.

Note the form of this expression for the inverse
function:we subtract c, divideby a, then add back c.

Observe that the prescription for f (−1) has the
same form as the one for f ; in both cases we
subtract c at the start, and add back c at a later
point; the only difference is that ‘multiply’ has
been replaced by ‘divide’.

Back to temperature scale conversion
Consider the formula used for C to F conversion:

F = 9C
5

+ 32.

The associated function here is

f (x) = 9x
5

+ 32.

The fixed point of f is found by solving the
equation f (x) = x. A quick computation shows
that the fixed point is c = −40; thus,−40 is the
‘common point’ of the two scales:−40◦C is the
same as−40◦F (this is well known). Hence the
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expression for f may be written as:

f (x) = 9(x + 40)
5

− 40.

This explains the ‘C to F’ conversion rule: Add 40,
multiply by 9/5, then subtract 40. And the inverse

function is:

f (−1)(x) = 5(x + 40)
9

− 40.

This explains the ‘F to C’ conversion rule: Add 40,
multiply by 5/9, then subtract 40.
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Fun Problems

Digital Problems for the Digital Age

Consider all three digit numbers with the
property that the first digit equals the sum of the
second and third digits. Examples of such
numbers are 413, 615 and 404. We call this
property♥. LetX be the sum of all three digit
numbers that have property♥.
Next, consider all four digit numbers with the
property that the sum of the first two digits equals
the sum of the last two digits. Examples of such
numbers are 4123, 6372 and 4013. We call this
property♣. Let Y be the sum of all four digit
numbers with property♣.
Problem:
Show that bothX and Y are divisible by 11.

Note that the problem does not ask for the actual
values ofX and Y ; it only asks you to show that
they are multiples of 11. Could there be a way of
proving this without actually computingX and
Y ? We shall show that there is such a way. First,
some notation.

Notation 1: AB denotes the two digit number
with tens digitA and units digit B;ABC denotes
the threedigit numberwithhundredsdigitA, tens
digit B and units digitC;ABCD denotes the four
digit number with thousands digitA, hundreds

digit B , tens digit C and units digitD; and so on.
We use the bar notation to avoid confusion, for
example, between the two digit numberAB and
the productAB which meansA × B .

Notation 2: Given a number with two or more
digits, by its ‘TU portion’wemean the number
formed by its last two digits. (‘TU’ stands for
‘tens-units’.) For example, the TU portion of 132
is 32, and the TU portion of 1234 is 34.

Notation 3: Given a number with three or more
digits, by its ‘H portion’wemean its hundreds
digit.

Showing that X is divisible by 11. A three digit
numberABC has property♥ ifA = B + C.
Observe that ifABC has property♥, so does
ACB . If B = C then these two numbers are the
same. In this caseACB has the formABB .

Now observe that BB = 11B is a multiple of 11;
so too is BC + CB = 11(B + C). Hence:

• The sum of the TU portions ofABC andACB

is a multiple of 11.
• The TU portion ofABB is a multiple of 11.

It follows that for each fixed value of A, the sum of
the TU portions of the numbers ABC having
property♥ is a multiple of 11.
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Nowwe shall show that the sum of the H portions
of the numbers having property♥ is a multiple of
11. To show this we adopt a different strategy.

WithA = 1 there are two numbers with property
♥ (101 and 110). WithA = 2 there are three such
numbers (202, 211 and 220).WithA = 3 there are
four such numbers, withA = 4 there are five such
numbers, . . . , and withA = 9 there are ten such
numbers. It follows that the sum of the H portions
of the three digit numbers having property♥ is

(1× 2) + (2× 3) + (3× 4) + (4× 5)
+ (5× 6) + (6× 7) + (7× 8) + (8× 9)
+ (9× 10) = 330,

which is a multiple of 11.

Since the sum of the H portions of all the numbers
with property♥ is a multiple of 11, and so is the
sum of the TU portions, it follows thatXmust be a
multiple of 11.

Showing that Y is divisible by 11.We shall use
the same strategy. IfABCD is a number with
property♣ thenA + B = C + D; henceABDC

too has the property. Since CC = 11C and
CD + DC = 11(C + D) are multiples of 11, it
follows that for each fixed (A, B) pair, the sum of
the TU portions of the numbersABCD with
property♣ is a multiple of 11.

Now we focus on the front two digits.

Suppose thatABCD has property♣, and B is
non-zero. Then BACD too is a four digit number
with property♣. The sum of the numbers
associated with the front two digits is
AB + BA = 11(A + B), which is a multiple of 11.

What if B = 0? Then the number has the form
A0CD, withA = C + D. This number can be
matched with the three digit numberACD which
has property♥. We have already shown (in the
above section) that the sum of theA-values of all

such numbersACD is a multiple of 11. This
proof implies that the sum of theA-values of all
numbersA0CD with property♣ is a multiple
of 11.

Thus Y is a sum of various multiples of 11, and
hence is a multiple of 11.

It is worth reflecting on the solution strategies
used.We did not at any stage attempt to compute
the actual sum of all the numbers. Instead we
grouped them in a way that would make the
divisibility property perfectly visible.

Problems for Solution
Problem II-1-F.1
Solve the following cryptarithm:

EAT + T HAT = APPLE.

Problem II-1-F.2
Solve the following cryptarithm:

EART H + MOON = SYST EM.

Problem II-1-F.3
Given that IV × V I = SIX, and SIX is not a
multiple of 10, find the value of IV + V I + SIX.

Problem II-1-F.4
Explain why the following numbers are all perfect
squares:

1, 121, 12321, 1234321,
123454321, 12345654321, , . . . .

Problem II-1-F.5
Explain why the following numbers are all perfect
squares:

1089, 110889, 11108889,
1111088889, 111110888889, . . . .
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Solutions of Problems from Issue-I-2

By addition we get 3s = 2C + M . Also
C + M = 45; henceC = 3s − 45, and we see that
C is a multiple of 3; so isM . Next, the least
possible value of C is 1+ 2+ 3, and the largest
possible value is 7+ 8+ 9. So 6 ≤ C ≤ 24.

Hence 51 ≤ 3s ≤ 69, leading to 17 ≤ s ≤ 23.

Each s-value between 17 and 23 (and hence each
C-value between 6 and 24 which is a multiple of
3) can be ‘realized’ by a suitable magic triangle.
Two such possibilities are shown below.

Problem I-2-F.3
Show that the cryptarithm
AT + RIGHT = ANGLE has no solutions.

Since the hundreds digits ofRIGHT and
ANGLE are the same, we infer that the addition
ofAT to RIGHT has only affected the tens and
units digits, with no ‘carry’ to the hundreds digit.
Hence the leading two digits must stay
unaffected; we must haveAN = RI . This
violates a basic rule concerning cryptarithms:
that different letters cannot represent the same
digit. Therefore the problem has no solution.

s = 17,C = 6

1

32

9

5

6

7

4 8

s = 23,C = 24

7

8 9

2

6

3

4

1 5

Problem I-2-F.1
Show that in a magic triangle, the difference
between the number at a vertex and the number
at the middle of the opposite side is the same for
all three vertices.

Wemust prove that u − x = v − y = w − z. We
know that u + z + v = v + x + w = w + y + u.

From the equalities we get: u + z − x − w = 0,
hence u − x = w − z. In the same way we get
w − z = v − y.

Hence proved.

u

v wx

yz

Problem I-2-F.2
Explore the analogous problem in which the digits
1, 2, 3, 4, 5, 6, 7, 8, 9 are placed along the sides of
a triangle, one at each vertex and two on the
interiors of each side, so that the sum of the
numbers on each side is the same.

Let the configuration be as shown in the figure,
with the numbers x, y, z at the corners of the
triangle, and the numbers a, b, c, d, e, f on the
interiors of the sides. Then, by requirement, the
sums x + y + e + f , y + z + a + b and
z + x + c + d are all equal to some constant s,
say. Let C = x + y + z be the sum of the corner
numbers, and letM = a + b + c + d + e + f be
the sum of the ‘middle’ numbers.

x

y z

f

e

d

c

a b



  52 At Right Angles | Vol. 2, No. 1, March 2013

Problem I-2-F.4
Solve the following cryptarithm:
CAT S × 8 = DOGS .

Since 8× S has units digit S, it follows that S = 0.
Since CAT S × 8 is a four-digit number,
CAT S < 1250. Hence C = 1 andA = 2 (since 0
and1have been ‘usedup’), andT = 3or 4. Only the
first possibility yields an answer (if T = 4 we get
G = 2 = A). So the answer is: 1230× 8 = 9840.

Problem I-2-F.5
Solve this cryptarithm:
ABCDEF × 5 = FABCDE.

Wemust haveE = 0 or 5. We must also have
A = 1 (sinceA is the leading digit of a six-digit
number for which multiplication by 5 yields
another six-digit number); and F ≥ 5. If E = 0
then F is even, else it is odd. We now arrive at the
answer by simultaneously proceeding from ‘each
end’ of the number to the ‘opposite end’. The
argument is easier to present ‘live’ on a
blackboard than in print, so you (the reader) will
have to set up a multiplication display and follow
the reasoning there.

A B C D E F

× 5

F A B C D E

× 5

If E = 0 then F = 6 or 8. If F = 6 thenD = 3,
leading to C = 5, B = 6 andA = 2 which cannot
be; we already know thatA = 1. So the option
F = 6 does not work. If F = 8 thenD = 4, hence
C = 0; but this means thatC = E. So this fails too.

Therefore,E �= 0. HenceE = 5, and F = 7 or 9.

If F = 9 thenD = 9 (from 25+ 4 = 29); hence
D = F . So this too does not work. The only
possibility now left is F = 7. This leads toD = 8
(from 25+ 3 = 28), C = 2 (from 40+ 2 = 42),
B = 4 (from 10+ 4 = 14). Everything has now
worked out, and we have the answer:
142857× 5 = 714285.

Remark.
It is not a coincidence that the answer corresponds
exactly to the repeating part of the decimal
expansionof 1/7 = 0.142857 142857 142857 . . . .
But we will elaborate on the connection later.



Problems for the
Middle School
Problem Editor : R. ATHMARAMAN

Problems for Solution

The problems in this selection are all woven
around the theme of GCD (‘greatest common
divisor’, also called ‘highest common factor’) and
LCM (‘least common multiple’).

Problem II-1-M.1
Two-digit numbers a and b are chosen (a > b).
Their GCD and LCM are two-digit numbers, and
a/b is not an integer. What could be the value of
a/b?

Problem II-1-M.2
The sum of a list of 123 positive integers is 2013.
Given that the LCM of those integers is 31, find
all possible values of the product of those 123
integers.

Problem II-1-M.3
Let a and b be two positive integers, with a ≤ b,
and let their GCD and LCM be c and d ,

respectively. Given that a + b = c + d , show that:
(i) a is a divisor of b; (ii) a3 + b3 = c3 + d3.

Problem II-1-M.4
Let a and b be two positive integers, with a ≤ b,
and let their GCD and LCM be c and d ,
respectively. Given that ab = c + d , find all
possible values of a and b.

Problem II-1-M.5
Let a and b be two positive integers, with a ≤ b,
and let their GCD be c. Given that abc = 2012,
find all possible values of a and b.

Problem II-1-M.6
Let a and b be two positive integers, with a ≤ b,
and let their GCD and LCM be c and d ,
respectively. Given that d − c = 2013, find all
possible values of a and b.

Solutions of Problems in Issue-I-2
Solution to problem I-M-S.1 Using the digits
0, 1, 2, 3, 4, 5, 6, 7, 8, 9 once each, can you make
a set of numbers which when added and
subtracted in some order yields 100?

If the problem had said only ‘added’ (with
subtraction not allowed) the answer is that this
is not possible! For, the sum
0+ 1+ 2+ · · · + 8+ 9 = 45 is a multiple of

9, hence any set of numbers made using these
digits and added together will yield a multiple
of 9. For example, the sum 125+ 37+ 46+
80+ 9 equals 297, which is a multiple of 9.
So an answer of 100 would be impossible to
achieve.

However with subtraction permitted, the task is
possible. LetA represent the part which is ‘added’
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and B the part which is subtracted. Then we want
A − B = 100. For reasons already explained,
A + B ≡ 0 (mod 9); also,A − B ≡ 1 (mod 9).
These two relations yieldA ≡ 5 (mod 9) and
B ≡ 4 (mod 9). Our task now is to partition the
digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 into two subsets,
with sums 5 (mod 9) and 4 (mod 9) respectively,
and try to create numbers using the two sets of
digits whose sums differ by 100. One possible
approach is to initially leave out the digits
0, 3, 6, 9 and work only with the digits
1, 2, 4, 5, 7, 8. After some play we find that the
following partition works: {1, 2, 4, 7} and {5, 8};
observe that 1+ 2+ 4+ 7 = 14 ≡ 5 (mod 9) and
5+ 8 = 13 ≡ 4 (mod 9). A convenient possibility
is 72+ 14− 85 = 1. Now if we can somehow
create 99 using the remaining digits, our task is
done. This is possible: 90+6+3 = 99. So we have
our answer: 90+ 6+ 3+ 72+ 14− 85 = 100.

Solution to problem I-M-S.2 To find a formula for
the n-th term of the sequence of natural numbers
from which the multiples of 3 have been deleted:
1, 2, 4, 5, 7, 8, . . . .

Wemake use of the floor function, defined as
follows: [x] = the largest integer not exceeding x.
Example: [2.3] = 2, [10.7] = 10, [−1.7] = −2. Let
f (n) denote the n-th term of the sequence
1, 2, 4, 5, 7, 8, . . . . Then the sequence f (n) − n

has the following terms: 0, 0, 1, 1, 2, 2, 3, 3, . . . .
The n-th term for this is easy to work out: it is
simply [(n − 1)/2]. Hence f(n) = n+ [(n− 1)/2].

Solution to problem I-M-S.3 To find a formula for
the n-th term of the sequence of natural numbers
from which the squares have been deleted:
2, 3, 5, 6, 7, 8, 10, 11, 12, . . . .

We again use the floor function. Let g(n) denote
the n-th term of the sequence
2, 3, 5, 6, 7, 8, 10, 11, 12, . . . . Then the
sequence g(n) − n has the following terms:
1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 4, 4, 4, 4, . . . .
Note the pattern: two 1s, four 2s, six 3s, eight 4s,
. . . . The last 1 comes at position 2; the last 2
comes at position 6; the last 3 comes at position
12; . . . . It is easy to see that the last k must come
at position k(k + 1). Hence g(n) − n = k precisely
when (k − 1)k < n ≤ k(k + 1). Solving these

inequalities for k we find that

g(n) = n+
[
[
√
4n]+ 1
2

]
.

It turns out that this can be expressed in a much
more pleasing form:

g(n) = n+
[√

n+ √
n
]
.

The proof of this surprising equality is left to the
reader.

Solution to problem I-M-S.4 Amar, Akbar and
Antony are three friends. The average age of any
two of them is the age of the third person. Show
that the total of the three friends’ ages is divisible
by 3. By focusing on the age of the oldest among
the three persons, or the youngest among them
(assuming there is an oldest), we easily deduce
that their ages are identical. Hence the sum of the
ages is a multiple of 3.

Solution to problem I-M-S.5 A set of consecutive
natural numbers startingwith1 iswritten ona sheet
of paper. One of the numbers is erased. The average
of the remaining numbers is 529 . What is the number
erased? Let the largest number be n, so the sum of
the numbers is n(n + 1)/2; let the number erased
be x, where 1 ≤ x ≤ n. Thenwe have the following
equation which we must solve for n and x:

1
2n(n + 1) − x

n − 1
= 47

9
.

Cross-multiplying and simplifying (we leave the
details to you) we get:

9n2 − 85n + 94 = 18x.

From this we see that 9 | 85n − 94, hence
9 | 4n − 4 = 4(n − 1), hence 9 | n − 1. (Recall that
a | bmeans: ‘a is a divisor of b’.) Therefore
n ∈ {1, 10, 19, 28, 37, 46, . . . }.
Next, since 1 ≤ x ≤ n, it follows that

1
2n(n + 1) − n

n − 1
≤ 47

9
≤

1
2n(n + 1) − 1

n − 1
.
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We solve these two inequalities for n. The one on
the left gives:

9n(n − 1)
2

≤ 47(n − 1), ∴ 9n ≤ 94,

∴ n ≤ 10,

since n is a whole number. The one on the right
gives:

9(n − 1)(n + 2)
2

≥ 47(n − 1), ∴ 9(n + 2) ≥ 94,

∴ n ≥ 9.

Hence n ∈ {9, 10}. Invoking the earlier condition
we get n = 10, and the number removed is
x = (900− 850+ 94)/18 = 144/18 = 8.

Solution to problem I-M-S.6 The average of a
certain number of consecutive odd numbers is A. If
the next odd number after the largest one is
included in the list, then the average goes up to B .
What is the value of B − A?

The sum of k consecutive odd numbers starting
with 2n + 1 is (k + n)2 − n2 = k2 + 2nk, hence the
average of these numbers is k + 2n. The average
of k + 1 consecutive odd numbers starting with
2n + 1 is clearly k + 1+ 2n. The difference
between these two is 1. Hence B− A = 1.

Solution to problem I-M-S.7 101marbles
numbered from 1 to 101 are divided between two
baskets A and B. The marble numbered 40 is in
basket A. This marble is removed from basket A and
put in basket B. The average of the marble numbers
in A increases by 1/4; the average of the marble
numbers in B also increases by 1/4. Find the
number of marbles originally present in basket A.
(1999 Dutch Math Olympiad.)

Let baskets A and B have nmarbles and 101− n

marbles at the start, and let the averages of
baskets A and B be x and y, respectively. Then the
totals of the numbers in the two baskets are,
respectively, nx and (101− n)y. Since the total

across the two baskets is
1+ 2+ 3+ · · · + 101 = 101× 102/2 = 5151, we
have:

nx + (101− n)y = 5151. (1)

After the transfer of marble #40 from A to B, the
individual basket totals are nx − 40 and
(101− n)y + 40, and the new averages are,
respectively:

nx − 40
n − 1

,
(101− n)y + 40

102− n
.

We are told that the new averages exceed the old
ones by 1/4. Hence:

nx − 40
n − 1

− x = 1
4
,

(101− n)y + 40
102− n

− y = 1
4
.

Hence:

nx − 40− (n − 1)x = n − 1
4

,

(101− n)y + 40− (102− n)y = 102− n

4
.

These yield, on simplification:

x − 40 = n − 1
4

, 40− y = 102− n

4
. (2)

We must solve (1) and (2). Substituting from (2)
into (1) we get:

n

(
n − 1
4

+ 40
)

+ (101− n)

(
40− 102− n

4

)
= 5151.

This yields:

101(n + 29)
2

= 5151,

∴ n + 29 = 51× 2 = 102,

giving n = 73.



Problems for the
Senior School
Problem editors: PRITHWIJIT DE & SHAILESH SHIRALI

We start this column with a problem posed by a reader from Romania.
It looks daunting but turns out on closer examination to be a simple
consequence of a well known fact.

first and last digits have simply swapped places
(A . . . A and B . . . B on the left side,A . . . B and
B . . . A on the right side).

Now when you have two pairs of positive
numbers with equal sum, which pair has a
greater product? We can state the same question
geometrically: If we have two rectangles with
equal perimeter, which of the two has greater
area? To guide our number sense we may
consider various pairs of numbers with sum 20,
e.g., (19, 1), (18, 2), (17, 3), (16, 4), . . . . The
products associated with these pairs are 19, 36,
51, 64, . . . . The trend is easy to spot: The closer
the two numbers, the larger the product. Stated
geometrically: The rectangle which is closer in
appearance to a square has the greater area.

Wemay prove this statement rigorously as
follows. Let p, q be two numbers whose sum is a
constant. We wish to examine the behaviour of
the product pq . We now draw upon the following
simple identity:

4pq + (p − q)2 = (p + q)2. (3)

Since p + q is constant, the sum of 4pq and
(p − q)2 is constant; so as one of them increases,

A Cryptarithmic Inequality

Problem posed by Stanciu Neculai
(Department of Mathematics, ‘George Emil
Palade’ Secondary School, Buzau, Romania; E-
mail: <stanciuneculai@yahoo.com>) LetA, B ,
C,D, E denote arbitrary digits. Prove the
inequality

ACDEA × BCDEB ≤ ACDEB × BCDEA.

(1)

Example. Let (A, B, C, D, E) = (1, 2, 3, 4, 5).
The stated relation then reads

13451× 23452 ≤ 13452× 23451,

and this statement is true: the quantity on the left
side equals 315452852, while the quantity on
the right equals 315462852.

Solution. Note that the sum of the two numbers
on the left of (1) equals the sum of the two
numbers on the right:

ACDEA + BCDEB = ACDEB + BCDEA.

(2)

To see why, note that the middle three digits are
the same in the four numbers (namely:C, D, E),
and they occur in the same order too; and the
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the other decreases by an equal amount. Hence:
The larger the difference between p and q , the
smaller the product pq; the smaller the difference,
the larger the product.

So we ask: Of the two pairs {ACDEA, BCDEB}
and {ACDEB, BCDEA}, which pair is closer
together?

Of course it is the second pair (we assume
thatA �= B; ifA = B then the two pairs
are identical); for the difference between the
numbers in the first pair is 10001|A − B|while
the difference between the numbers in the

second pair is 9999|A − B|. Inequality (1)
follows.

Comment.We see that the problem is merely a
special case of a very well known fact: that when
the sum of two numbers is kept constant, their
product is larger when they are closer to each
other. So we may have any number of such
inequalities:

AA × BB ≤ AB × BA,

ACA × BCB ≤ ACB × BCA,

ACDA × BDCB ≤ ACDB × BCDA, . . . .

Problems for Solution

Problem II-1-S.1
Drawn through the pointA of a common
chordAB of two circles is a straight line
intersecting the first circle at the pointC, and the
second circle at the pointD. The tangent to the
first circle at the point C and the tangent to the
second circle at the pointD intersect at the point
M . Prove that the pointsM , C, B , andD are
concyclic.

Problem II-1-S.2
In triangleABC, pointE is the midpoint of the
sideAB , andpointD is the foot of the altitudeCD.
Prove that � A = 2� B if and only ifAC = 2ED.

Problem II-1-S.3
Solve the simultaneous equations:
ab + c + d = 3, bc + d + a = 5, cd + a + b = 2,
da + b + c = 6, where a, b, c, d are real numbers.

Problem II-1-S.4
Let x, y, and a be positive numbers such that
x2 + y2 = a. Determine the minimum possible
value of x6 + y6 in terms of a.

Problem II-1-S.5
Let p, q and y be positive integers such that
y2 − qy + p − 1 = 0. Prove that p2 − q2 is not a
prime number.

Solutions of Problems in Issue-I-2

last two digits, and to compute the number of such
numbers.

We first show that there are 615 such numbers.
LetA refer to the block of the first two digits, and
B to the block of the last two digits. Let s be the
sum of the digits inA (and therefore in B as
well); then 1 ≤ s ≤ 18. We shall count separately
the numbers corresponding to each value of s.

If s = 1 then the digits inA and B must be 1, 0.
ForA the only possibility is (1, 0) and for B the
possibilities are (1, 0) and (0, 1); so there are
1× 2 possibilities. If s = 2, the possibilities forA

are (2, 0) and (1, 1); the possibilities for B are
(2, 0), (1, 1) and (0, 2); hence there are 2× 3

Solution to problem I-2-S.1
To find the sum of the first 100 terms of the series,
given that it begins with 2012 and is in AP as well
as GP.

Let r be the common ratio of the geometric
progression. Since the numbers are in AP and GP,
the numbers 1, r, r2 are both in AP and GP, hence
1+ r2 = 2r ; this yields r = 1, implying that the
sequence is a constant sequence. Thus the sum of
the first 100 terms is 201200.

Solution to problem I-2-S.2
To find the sum of all four digit numbers such that
the sum of the first two digits equals the sum of the
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possibilities. If s = 3 we get 3× 4 possibilities the
same way. This pattern continues till s = 9, with
9× 10 possibilities. For s = 10 the zero digit
becomes unavailable, and we get 92 possibilities;
for s = 11 there are 82 possibilities; and so on
down to s = 18, with just 12 possibility. Hence the
total number of possibilities is

(1× 2+ 2× 3+ · · · + 9× 10)
+ (12 + 22 + · · · + 92) = 330+ 285 = 615.

Nowwe compute the sum of all such numbers; we
show that the sum is 3314850. But we give the
solution in outline form and leave the task of
filling some details to the reader.

As a first step, we find the sum of all three digit
numbers ABC whose first digit equals the sum of
the last two digits, i.e.,A = B+C orC = A−B . The
number equals 100A+10B+A−B = 101A+9B;
here 1 ≤ A ≤ 9 and B ≤ A. WithA fixed, there
areA + 1 such numbers, and their sum is
101A(A+1)+9(0+1+2+ · · ·+A) = 211

(
A+1
2

)
.

Hence the sum of all such numbers is
211

((2
2
)+(3

2
)+(4

2
)+· · ·+(10

2
)) = 211·(113 ) = 34815.

Next, we find the sum of all two digit numbers with
a given digit sum s. We shall leave it to you to show
that if 1 ≤ s ≤ 9 the sum equals
11(1+ 2+ 3+ · · · + s) = 11

(
s+1
2

)
, while if

10 ≤ s ≤ 18 the sum equals
11

(
45− (1+2+· · ·+ (s −10)

)
= 11

(
45− (

s−9
2

))
.

Now we are ready to compute the sum of all four
digit numbers for which the sum of the first two
digits and the sum of the last two digits equal a
given number s, where 1 ≤ s ≤ 18, but with 0
permitted as the leading digit. Using the result
derived in the preceding paragraph we find that
the sum equals 1111

2 s(s + 1)2 for 1 ≤ s ≤ 9, and
1111
2 s(19− s)2 for 10 ≤ s ≤ 18. Hence the sum of

all such numbers is

1111
2

(
s=9∑
s=0

s(s + 1)2 +
18∑
10

(19− s)s2

)

= 1111
2

(2640+ 3390) = 3349665.

This is not the final answer, because in the
collection of four digit numbers we have included
numbers whose leading digit is 0. To get the
required answer we must subtract the sum of all

three digit numbers for which the first digit equals
the sum of the last two digits. Hence the desired
answer is 3349665− 34815 = 3314850.

Solution to problem I-2-S.3
To show that no term of the sequence 11, 111, 1111,
11111, 111111, . . . is the square of an integer.

Every integer in the sequence is odd and of the
form 100k + 11 for some non-negative integer k.
We know that the square of an odd integer is one
more than a multiple of four. But all integers in the
given sequence are three more than a multiple of
four. Therefore none of them is the square of an
integer.

Solution to problem I-2-S.4
The radius r and the height h of a right-circular
cone with closed base are both an integer number
of centimetres, and the volume of the cone in cubic
centimetres is equal to the total surface area of the
cone in square centimetres; find the values of r andh.

The given condition leads to the equation

1
3
πr2h = πr2 + πr

√
r2 + h2.

Simplifying we obtain r2 = 9h/(h − 6). Since
r2 > 0 we get h > 6.

We also write the previous relation as
r = √

9+ 54/(h − 6). Since r is an integer, h − 6
must divide 54 and the expression under the
square root sign must be a perfect square. Thus
h − 6 ∈ {1, 2, 3, 6, 9, 18, 27, 54}. On checking
these values we find that r is an integer only when
h − 6 = 2. Hence h = 8 and r = 6.

Solution to problem I-2-S.5
Given a�ABC and a pointO within it, lines AO ,
BO and CO are drawn intersecting the sides BC ,
CA and AB at points P ,Q and R, respectively;
prove that AR/RB + AQ/QC = AO/OP .

Denote by [PQR] the area of the triangle PQR

(see Figure 1). Observe that

AQ

QC
= [ABQ]
[CBQ]

= [AOQ]
[COQ]

= [ABQ]− [AOQ]
[CBQ]− [COQ]

= [AOB]
[BOC]

.
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Similarly we getAR/RB = [AOC]/[BOC]. Hence

AQ

QC
+ AR

RB
= [AOB]+ [AOC]

[BOC]
.

Now,

AO

OP
= [AOB]
[POB]

= [AOC]
[POC]

= [AOB]+ [AOC]
[POB]+ [POC]

= [AOB]+ [AOC]
[BOC]

.

Therefore,AQ/QC + AR/RB = AO/OP .

Solution to problem I-2-S.6
To show that every triangular number> 1 is the
sum of a square number and two triangular
numbers.

We consider separately the cases where n is even
and odd. If n is even, there exists a natural number
k such that n = 2k. Then:

n(n + 1)
2

= 2k2 + k = (k2 + k) + k2

= k(k + 1)
2

+ k(k + 1)
2

+ k2.

If n > 1 is odd there exists a natural number k

such that n = 2k + 1. So we can write the nth

triangular number as

(2k + 1)(k + 1) = k(k + 1) + (k + 1)2

= k(k + 1)
2

+ k(k + 1)
2

+ (k + 1)2.

Remark.
We have established a stronger result: each
triangular number exceeding 1 can be expressed
as the sum of a square number and twice a
triangular number.
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In Issue-I-2 of At Right Angles we had presented an account of Viviani’s theorem, 
proved it using vector algebra, and found that the proof gave rise to a corollary in an 
unexpected and yet very natural way. We called it a ‘cousin’ to Viviani’s theorem:

It turns out that this result has been known for a decade, and has a curious history 
behind it. In the literature it is known as Clough’s Conjecture. We came to know this 
through a letter received from Professor Michael de Villiers of the Department of Math 
Education, University of KwaZulu-Natal, South Africa. He refers us to a paper of his, 
“An example of the explanatory and discovery function of proof”. It was presented at 
ICME 12 and has now been published in the online journal ‘Pythagoras’ at: http://www.
pythagoras.org.za/index.php/pythagoras/article/view/193.

Readers are urged to download this very readable paper and learn how the result was 
discovered empirically by Duncan Clough, a Cape Town grade 11 student, during a dy-
namic geometry session in which the students were exploring Viviani’s theorem and 
attempting to prove it; he reported it to his teacher Marcus Bizony, who wrote to de 
Villiers; and that’s how it got the name “Clough’s Conjecture” (but it is now a theorem, 
proved by de Villiers himself). In the paper, the author notes that the incident provides 
an illustration of the fact that the search for proof sometimes uncovers new results. 
This is the central thesis of the paper, and it is a matter worth dwelling on as it has im-
portant pedagogic implications. He also provides a few proofs of the theorem, shows 
that it follows from the main Viviani theorem, and deduces some extensions, e.g., to a 
rhombus and to an equi-angular pentagon.

Many thanks to Prof de Villiers for this communication.

— The Editors
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Let ΔABC be equilateral with side a, 
and let P be a point in its interior. Let 
perpendiculars PD, PE, PF be dropped 
to sides BC, CA, AB respectively. Then 
BD+CE+AF = 3a/2 for all positions of P.

LETTER
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TIME 2013 + ATCM 2013, a joint session of 18th Asian Technology Conference in 
Mathematics and 6th Technology & Innovations in Math Education.

Dates: 07-11 December, 2013

Location: Department of Mathematics, Indian Institute of Technology, Powai, Mumbai 400076, India

URL: http://atcm.mathandtech.org/ and http://www.math.iitb.ac.in/TIME2013 

Organizer: Inder Kumar Rana / email Address: ikr@math.iitb.ac.in

Description: The ATCM conferences are international conferences addressing technology-based 
issues in all Mathematical Sciences. The 17th ATCM December 16-20, 2012 was held at SSR University, 
Bangkok, Thailand. About 400 participants from over 30 countries around the world participated in 
the conference. The TIME conferences are national (Indian) conferences held every two years. TIME 
conferences serve a dual role: as a forum in which math educators and teachers come together to 
discuss and to probe major issues associated with the integration of technology in mathematics 
teaching and learning, and as a place where they share their perspectives, personal experiences, and 
innovative teaching practices.
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